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A method of calculating equivalont cirenite ~f a cavity res-
ona‘or is analyze! and improvements sre proposed; calculations are
made for an equivalent circuit of e cylindrical resonator in which
standing Forp - type vave ig produced.

1. General Statements on Equivalence of Circuits and Reaonators

In designing radio installations with hollow resonators the
attempt is often made to replace the resonator with equivalent oscillati
cireuits of lumpid constanta.

It should be noted that the idea of aquivalence is not strictly
defined; this indefiniteness is explained by the complicated structure of
rescnator fields, which are not incorported in a well-defined mamer with
the lumped fields of ordinary circuit capacitance and inductance. For

. exampls, given the field distribution in a resonator producing free oscil-
. lations of frequencyw, it 1s poseidble to find the following physical
quantities:

a. The mugnetic energy of a resonator vith volume v is
|
b Wa=3% H ’“Jw,

vkere ¥ is the magnetic field sirength in the element of volume dv.

(1)
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b. . The slet*ric encrgy of ¥he cmaonnioos s

We =i'91'7f ) E*dw, (2)

vhers B 18 the elactric fieid strength and; hence the enargy is ahown
o be squal to

W».= Wo= W.

0. The total electric vharge induced in +he walls § of & res-
coar s ig y

/
9=ar fEndS .
d. The total magnetic flux in the resonstor is

g=§ H,dS,
()

vhere 8 18 the yroper surface inajde the resonator the form of which is
determined by the type of oecillation.

(3)

BERR: o. The total :‘>ltage betwesn the walle of the resonator calculated
along & properly selected path ! is:

y=§ E,d.

f. The total current in the resonator is

=35 § Hitt =gz [GE)as

g- Since the type of oscillatlione in the resonstor is asaumed
0 be known, the proper wave langth )is determined by the dimensions of the
resocnator. .

£5)

h. Once the losaes in the walls of the resonator, characterized
by the average power loss P » 9re found by one or another method / 1,2,3_7,
15 is possidle to calculrte the quality of the resonator:

Q=L W
=3 B
(7)
A lumpsd -constant equivalent circuit of a given resonator will
te characterized by capacity Oy, inductiviiy Tk, 8Ctive resiatance Ry,
initial impedance Zy, voltage Ux, anl so forth .

Formulating the corditions of equivalence differently and posta-
1ating that

W= S L2 oy g € m g, By L =,

(8}
we £ind Cy, Ly, T;. Uy.
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Fut here thero seems 1o b® & disagreemsiit between The natural wave

—— -~ K - -~ - P Y
- length of the resonator A and that of the izeuil rK ¢

Mo=21-310"VLCx 5,

(9)
since the requirement of equivalence between Cy and Ly impuses an additional

relationship between Cy and Lk which ie not compatible with equstion (8)
2. "Eldctrical” Equivalence
In practice requirements are limited to the minimum indiepensadble
in operating. Often [h,ﬁ_] we comply with demands which we shall provision-

ally call "electrical.” These ave connected with the following four situa-
tions:

4. The equation of electrical ensrgies of reaonator ani circuit:

W:'-': Wx = 'QL, C:C sz.

(10}
b. The equation of their elsctrical charges:
§=qz=Cy Uy -
(11)
c. The equation of their qualities:
v QA= Qux.
. (12)
: , d. The isochronism of their oscillations:
— 1O T
)\"—1==2’ﬂ"3'/a Llcz'
(13)

These equations permit determining Ly, Cx, Uy, after which
the wave resistance of the circuit is determined as

Co (14)
itas active resistance as
Ro=2x
x x (15)
its initial impedance as
. Z.Z == eI QX. ’
. (16)
the cusvent in the clrcull as
I,=%=.
x (a7
.‘> : 2 .
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Moreover, the ‘"srage ]r* in the :-1-;.‘\"51":

o L rip el Ux*
T 2 lx I\x 2 zx

(18}
naturally coincides with the 2788 P in the rezonator wslls,

By this method of calculation then, w» £ind that

; In=5 ¢, =Lelz+ % U+,

{19)
vhick ls explained by the heterogeneity of the filelds in the resonator.

J
f
4
This method, however, becomes invelid if the configuration of the *

#lectric fisld in the resonator is such that there are no charges induéed : '

in 1ts walls, eince it 1s then impossidble to apply condition (11). An '

oxample of this sitwaticn iz s cylindricel resonster with a circuler cross ; .

saction in which a standing Hoil - type wave 18 produced (see below)e ‘

3. ‘"Magnetic" Eguivalence
o R . . In the cited ceses it is necessary to subatitute other equivalence
ke DA requirements for (10) to (13). It seems sxpedient to introduce the follow-
: ' ing requirmnts vhich ve ghall provieiocnally call "marietic":

8. The equation of magnetic enexgy of resonator and circuit:

(20)
b. The equation ¥f magnetic flux:

¢. The equation of quality:

{21)

Q=Qy' (22)

d. The 1sochronism of oscillation -
= 7 1 -
A=Rdy=27-3:10 VLyCy .

These conditinns permit determiring = Ly, Cv, Ty 311 through them
by use of equaticns (24) to (18), in which the index y is subetituted for
the index x, finding the remeining perameters of the civinit.

The foliowing reaulis, among ~*hers, «re given > the maguet:.
equivalence method:

Ik 1, Uy=thg =Cy Uy#9.
y* L G y .,
(24)
Of coursés, the last two relstions of (24) have significance only

when the magnetic equivalence is calculated for resonators which can bs
caloculated by the electrical equivalence method azlso.

N -k -
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The "magnetis" method 1a ohvionslr prre genexal than the
“wlectrical” method in 1t3 pregent Form.

. Connection Beitwsen Electrical and Mzgnetic Fquivalences

The establishment of a reletionship smong the sirsuit reramyters,
calculated by both methods, permits a formal trensition to the method of
slectrical squivalencs, especially when direct utilization wouid be impoa-
8idle. .

: The establislment of this relationship 1s due to the sasentia>
~:7aions’ (19) and (2k), vhich permit finding the valuss of the converaion
Jacty-s for such paramsters. It is important to note thet these factors o,
depsrd on the wave type and goometric form of the resonator, amdl not or its
Zinear dimensions, aB the factors depeni only on the configuration of thne
field in the wuveguide.
Lst ue teke as an example the cage of & rectangilar remonator, in
vhich e stemding Hiyp wave is produced .

The. electrical sguivalence in +his case [equations {10) - (13) 7

was: calonlated by Patrushey [ 4 7, who zives the parameters of an oquivalern®

cirouit as functions of the dimensions nf the reaonator.

Table 1. Rectanguler Resonator Hy1c Wave

Physical Resonator Electrical Equivalont .Magnetic-Equivalent
3u_ant;t:los Cirenit Circuit
Equation Yalua | Equation |-  Yalue uation Yalue

Magnetic or i L
electric e

energy (L. @ W 10) | Wy=W | W,=Wz=W e ‘
Elsctric : S .
charge (3) q 1) | 4d,=4q (24) 19y=@qy=¢q

Magnetic 4

flux (k) o) 9) | P =¢d| () %——-%@;‘Q

Current (6) I an | Ip=] |0 (21) Iy=al=gI

Yoltags ) v Qo)) | Uy=gl | an |Uy=FUp=U

éapacitaxm - - (0),(11) Cx' (23) Cy =.€ch

Industance - - (13) Ly 20), (e f /. 3,::5!;_ Ly -
. Wave p; \ !

resistance - —_ (14) Py (14) (’yng‘i Cx

Active

Tesistance - - (15) Ry (15) an:@’i' Rx

" Inftial
smpedance - - (16) Zy (16) zy’%% Zx
P I

=
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Thyeisel ... - Regonater P01l T Mugnetic-Equivalent
Quantities Sircutt ‘ Cirenit. .

Equaticn Value 1 Equation 7alue | Equation Velue

Towar logg

.in pseillat- ) =P =
ing system F {(18) /?’:t'_ anP

Gnality A Q (12) (22 Qy“zQIzQ‘

Froper A ' }
vave length | —— X (13 | ag=X (@3) Ny == A=

Here the author uses the magnetic eguivalence method of calculation
[equations (20) to {23)_/ =nd_alsc determines the quantities directly
characterizing the reaonator, / equations (1} %o (6)27. “he equation numbers
for calculating the varicus parametere ere also inciuied in the table.

It 1a evident from this table that the conversio.. fuctors connecting
- the parameters found by both methois, are determined when converting from e
magnetic to an electrical equivelence as follows:

—
(25)

For the reverse converaion the following relation is ueed:

_ Uz
U

e (26)

in the particular case undier consideration f ==T7 =0.6/7. Patrushev
calculated a rectangular resonator (electrical method) with wave types
Eyy) end E11). Application of the magnetic methol gives analogous results
and the conversion facter (25) for both waves is shown to be ons and the

same value: @“71:3-

Thies conversion factor was aczidentelly omittel in the last term
of equation (28) in Patrushev's work.

5. Calculating Equivalent Circuit of a Cylindrical Resonator
Applying the magnetic equivalence method to a cylindrica) resonatoy
with a circular croes section (rudive a and lheight, h), let us place the
origip of the cylindrical coordinates {,@,J) at the center of a base, setting
the 4 -axis slong the cylinder axis. )
As ve knov [6_7, one of the simplest types of standing waveg in

euch a cylinder is a Hpy, wave of frequency w , the field of which ‘s cher-
acterized by the following amplitudes:

Egp= Ay, (eD)sinqZ |
He=2 A, (eL)coc g &
Hg= }Q Ay (e D)sin 74
Ec‘= Eo=Ho=0

-6 -
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The following notuticn la ugsed here:

w _am _r ot
k"—‘"?:‘—r":V'D“-;-qz' g=pre=310" 32,

(28)
Js and Jr are Bessel functions of the first type: A is e constant char-
acterizing the intensity of the resonstor excftation. Since the electric
field venishee v the cylinder wvalls, the correct relation for the boundary
conditions ig .

J(aD)=0, - =242 .
(29)

‘ Using (1), we detsrmine the coefficient of the magnetic energy of
the resonator: )

= El'_r f H*dw=
-_...'ﬁi}.}_ TR 2 a £
3Dz [7 xJ) %)+ D xJ,(0)]dx;
0
Since ws know from the theory of Bessel functions that
)2 (=5 [V (2)=y., (x) s ()1

J‘h-t-l (x)=%:‘ J,, (z)—J,,_, (2'.);

caleulating (28) amd (29), ve obtein

W=42 )2 @p)erh.

{30)
Magnetic flux is determinei by equstion (k), and .for the surface
of integration it 1s convenient to teke & circie lying in the cross sec-
tion ;‘.h > having e redius o=} , satisfying the condition .
2- - -

Jy (bD)= 0, bD~2 4o,

since beyond the limits of tinis circle, the sign of the magnetic flux
changes. ‘Je now obtain )

b - ik s
§=A}D_ 5 JpolpD)2me dp= A %DD -J, (bD)ax - A

4.

The sawe result is obtained by calculating the flux of the
raiial component of the field through a cyliniricel suzface of redius /0; b
end height -~ .

> -

re=h
> =2

F T T npuyb——,
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Equation (€} peralls writing *h. motu-swrrentiiig La9 Sesunaio:.
a

o (23 a,k
1= 31000 l gErJP“f:’%r?éb (1~ @) ]5=-

Similar results ars also cbtained when the surrent is calculated ag
the circulation of & magnetic field in a =irsuit limiting balf of the plane
axial cross section of the resonator.

o Then using equations (14) tc (18) and (20) to {24}, it 13 essy to
L T : determine all paramevers of the "magneti:" equ:valent circuit s 17 the juzlity
% lowlatsd Yelow, 18 known.

Finally, equation (25) permits determining the conversion Pactor
viich 18 independent of the dimensions of the resomator; if necessary, it
also permits conversion to a circuit which is the "slsstrical” equivalent
of the regonator, by using the relations of Tadle 1. We obtain

C=FTF I U, kD) a0

Tabls 2 gives the phyaical quantities of a resonator calculated
. i according to this method; the table also gives the "magmetic" equlvalent
i S te sirendt ' Por the reaonator.

It 18 interesting .» observe that the voitage Uy proves *o be
equal to the "resomator voltage" U, calculated as the circuiation of the
electric field stre veotor in the region of radiue @=h(zorresponding
to the field maximm) and lying in the cross section (P ¢, Sh -

, amb 4D
i . U= Epdl=2nAZg J,(hD)a=Uy-
[

(31)
4 aimilar equation for f1eld strengths [ equation (24) / ie
obtained by the method of magnetic equivalsnce.

R 6. Caloulating the Quality of a Resonator

The quality of a resonstrr is easily Aetermined by the "surface
effoct™ method /. ;7’

The value of energy introduced into equation (7) 1s givea in
equation (30).

N To detoni?v"q'tho average power loss in resonator walla, it is
necessary to take into account the fect thet t1e rediai. componant of a
magnetio field vexishes on the lateral surface of & resonator and that the
axial ‘Q is the value at the bases. Hwnce, we obain for the power
loss ts 8implé expression:

P e (Zi [ 12 dre ‘c-zpﬁ-iz ' ]=

= it V| [ 1 eder2 [T Hideeap]=

~d VT s[5+ 5 )
(32)

-8 -
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vhere the first integrel 1s -aken ar pe=a . e ﬂéfcnl, & L==0 " i’
the electrocomiuctivity of the material ol the regonator walils ; AXprazsoad

.........
™ MM _ . L
iz ¢hs 0G5 syatem.

Substituting (30 and (32) in equation {(7), we shall find:

4
|

= 7575/ ad)* | =t
Q“Q.WV3/0”)«W[T(#—%§ ‘4‘;':? - *fé
L
K

If the resonetor is mads of sopper {o=5.71 x 10°4), we shall
obtain

e 2. 6210% [ O, 749 Ve 'l
A=t Lo 5]

This magnetic equivalence mevhodi, necessary in calculating
resonators vhoee walls do not cary charges, may also be used in othexr
cases, @ince rirding the magnetic flux and the current for E-type waves,
vhere the magnetic fisld 1s determined by only two compornients, is simpler
than calculating the cherge and voltage.

Table 2. Cylindrical Resonator, Hoiq Wave

Roqon’atcn- Magnetic Bauivalense Circuit

Physical Megnitudc[Equac N Equa-

tion Vatus_ tion : Yalua Units

 Magnetic Energy | (/) wsﬁA‘a‘LJoz(mA(io) Wy=W=t,0/5.10~2 Ato%h s
Nowtio T 1(4) |$=ALB 00X [(2)| B mpmos26kan ] oo

n (¢ I’W%ﬁ['"low*' 1,0)) Iy-‘gzggu.m*l‘T"A £65M
Yoltage .
Ca tano - (’ 7) Uy =2‘r% J,(lD)Aa.-ZMJAa. ST
paci 9 - . ; .

Tntactase - O3 (a8l = totirn -
o - - ) |1 =8(48)2I%b0) 2 2 -
Vave Resistance | _ _ _ ‘(’;u dk %}‘ =523 e
’ Faturel Wave (28) 1-21@)#({1)# “*’: & =t20x éi).z‘!?m’jg = 987 % om

Qual (7) |Qm2n /5757y 2~ )
v (32’5 Ik : _,: ]l,/‘ (22) Qy~Q -
‘ -~ k o (Y
Fiaotris Charse » - (24) ‘?g’i%,, ,,g %ﬁg) ah=23110"%4A | usE
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